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Described by POVMs

Post-measurement state

Probability 

Projective measurement 

Quantum Measurements
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Unitary orbit of thermal states is full rank à third law 3
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Thermodynamics from a quantum perspec9ve
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Thermodynamics from a quantum perspective

Unattainability principle: it is impossible to cool down to 
absolute zero with finite resources. 



Cooling a state 

• Fridge coupled to target system 
directly (laser cooling), or bulk 
(dilu:on, etc.)

• Work invested, target system gets 
closer to ground state

• Limited by third law

Thermodynamics from a quantum perspective

⇢f
<latexit sha1_base64="mh38Kwz6QjMSt15X+UCnQ7EpTD0=">AAAB7XicjVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWME84BkCbOT3mTM7MwyMyuEJf/gxYMiXv0fb/6Nk8dBRcGChqKqm+6uKBXcWN//8JaWV1bX1gsbxc2t7Z3d0t5+06hMM2wwJZRuR9Sg4BIblluB7VQjTSKBrWh0NfVb96gNV/LWjlMMEzqQPOaMWic1u3qoenGvVA4q/gzkb1KGBeq90nu3r1iWoLRMUGM6gZ/aMKfaciZwUuxmBlPKRnSAHUclTdCE+ezaCTl2Sp/ESruSlszUrxM5TYwZJ5HrTKgdmp/eVPzN62Q2vghzLtPMomTzRXEmiFVk+jrpc43MirEjlGnubiVsSDVl1gVU/F8IzWolOK1Ub87KtctFHAU4hCM4gQDOoQbXUIcGMLiDB3iCZ095j96L9zpvXfIWMwfwDd7bJ52Bjyc=</latexit>



Cooling a state 

• Fridge coupled to target system 
directly (laser cooling), or bulk 
(dilu:on, etc.)

• Work invested, target system gets 
closer to ground state

• Limited by third law

?
E1
E2

E3

⇢s
<latexit sha1_base64="9tIhiYA9nk9ewSQFsYKxgHN5vr0=">AAAB7XicjVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWME84BkCbOT3mTM7MwyMyuEJf/gxYMiXv0fb/6Nk8dBRcGChqKqm+6uKBXcWN//8JaWV1bX1gsbxc2t7Z3d0t5+06hMM2wwJZRuR9Sg4BIblluB7VQjTSKBrWh0NfVb96gNV/LWjlMMEzqQPOaMWic1u3qoeqZXKgcVfwbyNynDAvVe6b3bVyxLUFomqDGdwE9tmFNtORM4KXYzgyllIzrAjqOSJmjCfHbthBw7pU9ipV1JS2bq14mcJsaMk8h1JtQOzU9vKv7mdTIbX4Q5l2lmUbL5ojgTxCoyfZ30uUZmxdgRyjR3txI2pJoy6wIq/i+EZrUSnFaqN2fl2uUijgIcwhGcQADnUINrqEMDGNzBAzzBs6e8R+/Fe523LnmLmQP4Bu/tE7E1jzQ=</latexit>

Measuring a state 

• Measurement apparatus 
coupled to target system.

• Measurement in energy 
eigenbasis. Outcome               
with probability 

• Limita:ons?
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Thermodynamics from a quantum perspective



Cooling a state 

• Fridge coupled to target system 
directly (laser cooling), or bulk 
(dilu:on, etc.)

• Work invested, target system gets 
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?
E1
E2

E3

⇢s
<latexit sha1_base64="9tIhiYA9nk9ewSQFsYKxgHN5vr0=">AAAB7XicjVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWME84BkCbOT3mTM7MwyMyuEJf/gxYMiXv0fb/6Nk8dBRcGChqKqm+6uKBXcWN//8JaWV1bX1gsbxc2t7Z3d0t5+06hMM2wwJZRuR9Sg4BIblluB7VQjTSKBrWh0NfVb96gNV/LWjlMMEzqQPOaMWic1u3qoeqZXKgcVfwbyNynDAvVe6b3bVyxLUFomqDGdwE9tmFNtORM4KXYzgyllIzrAjqOSJmjCfHbthBw7pU9ipV1JS2bq14mcJsaMk8h1JtQOzU9vKv7mdTIbX4Q5l2lmUbL5ojgTxCoyfZ30uUZmxdgRyjR3txI2pJoy6wIq/i+EZrUSnFaqN2fl2uUijgIcwhGcQADnUINrqEMDGNzBAzzBs6e8R+/Fe523LnmLmQP4Bu/tE7E1jzQ=</latexit>

Measuring a state 

• Measurement apparatus 
coupled to target system.

• Measurement in energy 
eigenbasis. Outcome               
with probability 

• Limita:ons?

Contradiction ?
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Outline

• What is a quantum measurement?

• Ideal measurement

• Idea measurements are not possible

• Applications and corrections

• Summary
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What is a measurement?
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What is a measurement?
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“observing the pointer”
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“observing the pointer”
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“observing the pointer”

0



Unbiased: “Pointer and 
system sta:s:cs are 
the same”

Faithful: “the 
probability that your 
guess is correct” 

Non-invasive: “the 
system is not disturbed 
on the diagonal.
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Ideal measurement: 3 properties



Ideal measurement: 3 proper6es are interrelated

The three proper)es of 
an ideal measurement 

are related pairwise: any 
pair of proper)es implies 

the third*.  If one of 
them does not hold then 

the triangle collapses.



Example: image your measurement leaves your system and 
pointer in the state                         .  .This pure, classically 
correlated, product state has perfect correla;on. The 
measurement that resulted in this state is said to be faithful. 
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Ideal measurement: example
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Ideal measurements: an example 

An ideal measurement of a qubit system by a 1-qubit pointer. 

Ideal measurement: qubit example



⇢S ⌦ ⇢P �! ⇢̃SP
<latexit sha1_base64="5kIlFLTYRNnyb7ADN5yr/dBIjeI="></latexit><latexit sha1_base64="5kIlFLTYRNnyb7ADN5yr/dBIjeI="></latexit><latexit sha1_base64="5kIlFLTYRNnyb7ADN5yr/dBIjeI="></latexit><latexit sha1_base64="5kIlFLTYRNnyb7ADN5yr/dBIjeI="></latexit>

0

BB@

a 0 0 0
0 0 0 0
0 0 b 0
0 0 0 0

1

CCA

<latexit sha1_base64="QGqjpxC88OuJQodAwO5cJfq0ZpM="></latexit><latexit sha1_base64="QGqjpxC88OuJQodAwO5cJfq0ZpM="></latexit><latexit sha1_base64="QGqjpxC88OuJQodAwO5cJfq0ZpM="></latexit><latexit sha1_base64="QGqjpxC88OuJQodAwO5cJfq0ZpM="></latexit>

An ideal measurement of a qubit system by a 1-qubit pointer. 

Ideal measurement: qubit example
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Ideal measurement: qubit example

An ideal measurement of a qubit system by a 1-qubit pointer. 
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Unbiased: “Pointer and 
system statistics are 
the same”

Faithful: “the 
probability that your 
guess is correct” 

Non-invasive: “the 
system is not disturbed 
on the diagonal.UCNOT
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Ideal measurement: qubit example

An ideal measurement of a qubit system by a 1-qubit pointer. 



⇢̃SP = UCNOT (⇢S ⌦ |0ih0|
P
) U †

CNOT
<latexit sha1_base64="v/aZuuEdsSyul+EsdaCiaeGlhzk="></latexit><latexit sha1_base64="v/aZuuEdsSyul+EsdaCiaeGlhzk="></latexit><latexit sha1_base64="v/aZuuEdsSyul+EsdaCiaeGlhzk="></latexit><latexit sha1_base64="v/aZuuEdsSyul+EsdaCiaeGlhzk="></latexit>

UCNOT := |0ih0|
S
⌦ 1P +

X

i 6=0

|iihi|
S
⌦X(i)

P

<latexit sha1_base64="CDqrztCNIfB95Duht3Y70M3hMX0="></latexit><latexit sha1_base64="CDqrztCNIfB95Duht3Y70M3hMX0="></latexit><latexit sha1_base64="CDqrztCNIfB95Duht3Y70M3hMX0="></latexit><latexit sha1_base64="CDqrztCNIfB95Duht3Y70M3hMX0="></latexit>

X(i)
P = |0ihi|+ |iih0|+

X

j 6=0,i

|jihj|
<latexit sha1_base64="AnsQv2Vbb2MZgmZKEG8ksgZR16E="></latexit><latexit sha1_base64="AnsQv2Vbb2MZgmZKEG8ksgZR16E="></latexit><latexit sha1_base64="AnsQv2Vbb2MZgmZKEG8ksgZR16E="></latexit><latexit sha1_base64="AnsQv2Vbb2MZgmZKEG8ksgZR16E="></latexit>

Unbiased: “Pointer and 
system sta:s:cs are 
the same”

Faithful: “the 
probability that your 
guess is correct” 

Non-invasive: “the 
system is not disturbed 
on the diagonal.

An ideal measurement of any dimensional system by a 1-
qubit pointer. 

Ideal measurement: any dimension



Unbiased: “Pointer and 
system sta:s:cs are 
the same”

Faithful: “the 
probability that your 
guess is correct” 

Non-invasive: “the 
system is not disturbed 
on the diagonal.

Non-ideal measurement

A measurement is non-ideal if any one of the 3 
properties fails to hold.



Faithful measurements (perfect correlations) are possible if and only if one can 
prepare pure states. 

By the third law of thermodynamics, one cannot prepare pure states, therefore 
faithful measurements not possible à ideal measurements are not physically 
feasible.

Theorem: ideal measurements are not possible 

L. Masanes and J. Oppenheim, “A general deriva:on and quan:fica:on of the third law of 
thermodynamics,” Nat. Commun. 8, 14538 (2017), arXiv:1412.3828.

L. J. Schulman, T. Mor, and Y. Weinstein, “Physical  Limits of Heat-Bath Algorithmic Cooling,” Phys. 
Rev.  LeY. 94, 120501 (2005).  H. Wilming and R. Gallego, “Third Law of Thermodynamics as a Single 

Inequality,” Phys Rev. X 7, 041033  (2017), arXiv:1701.07478.
F. Clivaz, R. Silva, G. Haack, J. Bohr Brask, N. Brunner, and M. Huber, “Unifying paradigms of quantum 

refrigera:on: resource-dependent limits,” (2017), arXiv:1710.11624.
J. Scharlau and M. P. Mu ̈ller, “Quantum Horn’s lemma, finite heat baths, and the third law of 

thermodynamics,” Quantum 2, 54 (2018), arXiv:1605.06092.

Creating pure 
states costs 

infinite energy, 
takes infinite time, 
or requires infinite 

particles.



Approxima6ng ideal measurements 

The three proper)es of 
an ideal measurement 

are related pairwise: any 
pair of proper)es implies 

the third*.  If one of 
them does not hold then 

the triangle collapses.



Since ideal measurements are not possible, we would like to 
determine how closely they can be approximated. 

The ini'al pointer state must be full rank to avoid self-referen'al 
descrip'ons of measurements which rely on pure states

Approximating ideal measurements
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Since ideal measurements are not possible, we would like to 
determine how closely they can be approximated. 

The initial pointer state must be full rank to avoid self-referential 
descriptions of measurements which rely on pure states
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1. Unbiased

2. Faithful

3. Non-invasive

Approximating ideal measurements



Since ideal measurements are not possible, we would like to 
determine how closely they can be approximated. 

The ini'al pointer state must be full rank to avoid self-referen'al 
descrip'ons of measurements which rely on pure states
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1. Unbiased

2. Faithful

3. Non-invasive
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Approxima6ng ideal measurements



Approxima6ng ideal measurements

Goal: to bring as close as possible to the ideal post-
interaction state. We know that pure states make the best
pointers.
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Energy cost of unbiased measurements

1. Cool the pointer, e.g. by using the 1-qubit fridge [1]. 

[1] F. Clivaz, R. Silva, G. Haack, J. Bohr Brask, N. Brunner, and M. Huber, “Unifying paradigms of quantum 
refrigeration: resource-dependent limits,” Phys. Rev. E 100, 042130 Oct. 2019
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Energy cost of unbiased measurements

2.  Correlate the pointer and system. 

min
Ucorr

�Ecorr s.t. C(⇢̃SP ) = Cmax(�0, N)
<latexit sha1_base64="WwRq0t/LrwzM7+V5R6P5XfcFpbQ="></latexit><latexit sha1_base64="WwRq0t/LrwzM7+V5R6P5XfcFpbQ="></latexit><latexit sha1_base64="WwRq0t/LrwzM7+V5R6P5XfcFpbQ="></latexit><latexit sha1_base64="WwRq0t/LrwzM7+V5R6P5XfcFpbQ="></latexit>

Cmax(�, N) =
1

ZN

N/2X

k=0

✓
N

k

◆
e�kEP � .

<latexit sha1_base64="UTwRipBbidSxgdVvVDICU0G4aTc="></latexit><latexit sha1_base64="UTwRipBbidSxgdVvVDICU0G4aTc="></latexit><latexit sha1_base64="UTwRipBbidSxgdVvVDICU0G4aTc="></latexit><latexit sha1_base64="UTwRipBbidSxgdVvVDICU0G4aTc="></latexit>

analy;c
For pointers that start in 

a thermal state, Cmax
depends on  the 

temperature, spectral 
gaps and dimension (no. 

of par+cles).

�E = �Ecool +�Ecorr
<latexit sha1_base64="igATVpr3FZZEIv9kxeI9hvMi6IY="></latexit><latexit sha1_base64="igATVpr3FZZEIv9kxeI9hvMi6IY="></latexit><latexit sha1_base64="igATVpr3FZZEIv9kxeI9hvMi6IY="></latexit><latexit sha1_base64="igATVpr3FZZEIv9kxeI9hvMi6IY="></latexit>

�E = tr[(HS +HP )(⇢̃SP � ⇢SP )]

<latexit sha1_base64="0mpw79QpCANR7F2WHc4XBIv3Vdc="></latexit>



Cmax(�, N) =
1

ZN

N/2X

k=0

✓
N

k

◆
e�kEP � .

<latexit sha1_base64="UTwRipBbidSxgdVvVDICU0G4aTc="></latexit><latexit sha1_base64="UTwRipBbidSxgdVvVDICU0G4aTc="></latexit><latexit sha1_base64="UTwRipBbidSxgdVvVDICU0G4aTc="></latexit><latexit sha1_base64="UTwRipBbidSxgdVvVDICU0G4aTc="></latexit>

0.2 0.4 0.6 0.8 1.0

0.6

0.7

0.8

0.9

1.0

lim
�!1

<latexit sha1_base64="BEfyBTt096N8y8QQIWHQamkH3R8="></latexit><latexit sha1_base64="BEfyBTt096N8y8QQIWHQamkH3R8="></latexit><latexit sha1_base64="BEfyBTt096N8y8QQIWHQamkH3R8="></latexit><latexit sha1_base64="BEfyBTt096N8y8QQIWHQamkH3R8="></latexit>

C
m
a
x
(�

,N
)
=

1 Z
N

N
/
2

X k
=
0

✓
N k

◆
e�

k
E

P
�
.

<latexit sha1_base64="UTwRipBbidSxgdVvVDICU0G4aTc="></latexit><latexit sha1_base64="UTwRipBbidSxgdVvVDICU0G4aTc="></latexit><latexit sha1_base64="UTwRipBbidSxgdVvVDICU0G4aTc="></latexit><latexit sha1_base64="UTwRipBbidSxgdVvVDICU0G4aTc="></latexit>

20

100

1000

Best correla6ons for an N-qubit pointer



1. System: 1 qubit, 
Pointer: 6-qubits 
(energy gap in 
microwave 
regime)

2. Start at room 
temp and cool 
with a fridge with 
gap EF , until the 
fridge is 
“exhausted”.

3. Correlate from 
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Theorem: an unbiased measurement (system and pointer sta;s;cs the same) can
always be implemented at finite cost and in finite ;me.

Corollary: to be faithful (perfect correla;on, pointer never makes a mistake) the
pointer has to be cooled, subject to the laws of thermodynamics.

Consequence: obtaining reliable knowledge about quantum systems generically
requires macroscopic quan;;es of work; perfect knowledge is infinitely expensive.

Summary so far 

Zero entropy states can only be prepared asymptotically



• Obtaining es;mates with a finite amount of work implies an imperfec;on 
in the es;mates themselves.

• Energy delivered by measurements is not free of charge and must be 
supplied to realise the measurement in the first place.

Work Es6ma6on and Work Fluctua6ons in the 
Presence of Non-Ideal Measurements 



Jarzynski equality and Crooks’ rela6on
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Relates free energy differences to the work 
that is applied to the system in order to drive 
the system from one state to another 
(beginning to end).
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This relates the probability
of performing some work during a realisation of 
the TPM scheme and 
for extracting the same amount of work when 
the time-reversed protocol is implemented.
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Jarzynski equality and Crooks’ rela6on
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The invasiveness of the first non-ideal 
measurement spoils the requirement that the 
system starts the process in equilibrium. AddiPonal 
energePc cost only depends on the system 
Hamiltonian (not the pointer Hamiltonian).

Both non-ideal measurements act as 
(independent) noise sources, disturbing the 
initial states of the forward and backward TPM 
processes, respectively
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Pure states are not for free.
• Experimentalists understand well that perfect projec:ve measurements are not 

exactly possible but are very well approximated using their high-power consump:on 
equipment (APDs and Nanowire detectors for photons, lasers and CCDs for ion traps 
and cold atoms). 

• Past approaches typically assumed that projec:ve measurements can be carried out 
perfectly and that their cost can be aUributed to the work value of the measurement 
outcome. Others adopt the stance that Landauer erasure bound represents the cost 
of reseVng devices to pure states without providing conclusive evidence that the 
bound is achievable. 

• In thermal environments, measurements produce errors, which can be mi:gated by 
either reducing the temperature of the environment, or by using larger measuring 
devices.

Conclusion
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Extra slides. 



The ideal post-interac;on state with perfect correla;on has the 
form

i.e. perfect correla;ons iff the post-interac;on state has this form

system

pointer ⇧i⇢
(j) = �ij⇢

(j)
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Work that is performed on, or extracted from the system can be es:mated via a TPM
scheme. Obtaining outcomes n and m implies the system is in those pure states.

One can associate a transi:on probability and a work value to each transi:on. Over 
all possible transi:ons the work value is given by:
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Two-point measurement (TPM) scheme (non-ideal case)



Work that is performed on, or extracted from the system can be es:mated via a TPM
scheme. Obtaining outcomes n and m implies the system is in those pure states.

One can associate a transi:on probability and a work value to each transi:on. Over 
all possible transi:ons the work value is given by:

<latexit sha1_base64="x/XK5bBtJ935a5+XT0rsQDSfpqk="></latexit>

(⌧ (0)
, H

(0))
⇤����! (⇢(f)

, H
(f))

Two-point measurement (TPM) scheme (non-ideal case)

<latexit sha1_base64="4XH/sQp6JqWe2iXl2eM7EpVD/lI="></latexit>

hW i⇤ =
X

m,n

p(0)
n pn!m

�
E(f)

m � E(0)
n

�



Work that is performed on, or extracted from the system can be estimated via a TPM
scheme. Obtaining outcomes n and m implies the system is in those pure states.

One can associate a transition probability and a work value to each transition. Over 
all possible transitions the work value is given by:
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Corrected expression for work
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Corrected expression for work
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Corrected expression for work
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Corrected expression for work

Difference up to 
twice as much 


